Neural Fields: Localised States
with Piece-Wise Constant Interactions
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Abstract Neural field models are typically cast as continuum integro-differential
equations for describing the idealised coarse-grained activity of populations of
interacting neurons. For smooth Mexican hat kernels, with short-range excitation
and long-range inhibition, these non-local models can support various localised
states in the form of spots in two-dimensional media. In recent years, there has been
a growing interest in the mathematical neuroscience community in studying such
models with a Heaviside firing rate non-linearity, as this often allows substantial
insight into the stability of stationary solutions in terms of integrals over the kernels.
Here we consider the use of piece-wise constant kernels that allow the explicit
evaluation of such integrals. We use this to show that azimuthal instabilities are
not possible for simple piece-wise constant Top Hat interactions, whilst they are
easily realised for piece-wise constant Mexican hat interactions.

1 Introduction
Since the 1970s, there has been much progress in developing analytical and
numerical techniques to understand brain function and the nervous system. The
cortex, being the most complex part of this system, is interconnected by numerous
cortico-cortical fibers .! 1010 /, whose axon length ranges from 0:5 to 3 mm [17].
Due to its large surface area .! 1600–4000 cm2 in total) with a small thickness
(! 3 mm), the cortex is often regarded as a two-dimensional laminar structure
[12, 17]. Neural field modelling, in both one and two dimensions, is a very wellknown framework for approximating the coarse-grained dynamics of a real cortex
[8]. It assumes that various classes of neuron types in different cortical layers
and areas can be divided into two main sub-populations of neurons (excitatory
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and inhibitory), interacting with each other and themselves [1]. This modelling of
neural activity traces its roots back to the seminal works of Wilson and Cowan
[20, 21] and Amari [1]. Similar models motivated by these original works have
been developed to understand phenomena such as epileptic seizures [22], orientation
selectivity in visual cortex [3, 4], spiral waves in disinhibited neocortex [15, 16],
and spatio-temporal patterns seen in large scale electroencephalogram (EEG) and
magnetoencephalogram (MEG) neuroimaging studies [7, 9].
Techniques for the analysis of continuum population activity with local excitatory and distal inhibitory interactions (so-called Mexican-hat connectivity) have
been developed to study spatially periodic and localised states in neural field models,
particularly for smooth synaptic kernels [9, 18]. Here we concentrate on neural fields
with piece-wise constant kernels, which have been far less studied. The exception to
this statement being the work of Herrmann et al. [14]. The scalar two-dimensional
neural field model that we consider is given by
@u.r; t/
D "u.r; t/ C
@t

Z

w.r; r0 /F.u.r0 ; t//dr0 ;

(1)

D

where D is a planar domain D # R2 . The variable u represents average synaptic
activity at position r 2 D at a time t 2 RC . The non-linear function F represents
the firing rate of the tissue and is taken to be a Heaviside as in the seminal work of
Amari [1], such that F.u/ D H.u " h/ for some constant threshold h. See [2] for
a recent perspective by Amari on the “Heaviside World”. Here, the synaptic kernel
w describes anatomical connectivity. For mathematical convenience we choose the
kernel to depend only on Euclidean distance, so that w.r; r0 / D w.jr " r0 j/. It is now
of particular interest to consider synaptic connectivity kernels for which explicit
analytical progress can be made. In the first instance, let us consider a piece-wise
constant rotationally symmetric (Top hat) connectivity defined by
w.r/ D

(

wC > 0; r $ !

w" < 0;

r>!

;

r D jrj;

(2)

where wC and w" are constant positive and negative synaptic strength factors
respectively. An illustration of a piece-wise constant Top hat function is shown in
Fig. 1.
Another natural choice is the piece-wise constant Mexican hat shape given by
8̂
ˆ
<wC > 0; r $ !1
w.r/ D w" < 0; !1 < r $ !2 ;
ˆ
:̂0;
r > !2

!1 < !2 :

(3)
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Fig. 1 An illustration of a piece-wise constant Top hat kernel. Synaptic interactions are positive
up to a distance ! (wC > 0) and negative beyond this distance (w! < 0)

In Sect. 2, we show how piece-wise constant caricatures of synaptic connectivity
allow for simple calculations relating to localised solutions of neural fields in twodimensions. Self-consistent equations for stationary solutions of spots are explicitly
constructed in Sect. 2.1 and their stability is determined in Sect. 2.2. Here, we find
that localised circular spots, obtained using piece-wise constant Mexican kernels,
can destabilise to azimuthal instabilities, leading to non-circular patterns with
multiple lobes. The numerical solutions beyond a predicted bifurcation point can
lead to the generation of labyrinthine structures. Interestingly, a piece-wise constant
Top hat kernel is more robust to azimuthal instabilities. Lastly in Sect. 3 we discuss
possible extensions of the work in this article.

2 Neural Fields in Circular Geometries: Top Hat
Interactions
Here we focus on the construction of rotationally symmetric (spot) solutions for
neural fields with piece-wise constant Top hat interactions described by Eq. (2) and
determine the stability of these solutions. Following the work of Herrmann et al.
[14], we show how explicit solutions, for rotationally symmetric spots, can be easily
constructed using simple geometric ideas. We further show that calculation of their
stability is straightforward.
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2.1 Construction
Stationary solutions q.r/ of Eq. (1) with Heaviside firing rate satisfy
q.r/ D

Z

dr0 w.r " r0 /;

(4)

˝

where ˝ D fr j q.r/ > hg represents the area over which the local field is excited.
For circularly symmetric spot solutions of radius R we have that q.r/ D U.r/, where
U.r/ D

“

jr0 j<R

dr0 w.jr " r0 j/;

(5)

U.R/ D h:

For the piece-wise constant Top hat kernel given by Eq. (2), we may split the above
integral as
U.r/ D wC

“

jr0 j<R
jr"r0 j<!

Introducing the area AC .!/ as follows
AC .!/ D

“

dr0 C w"

“

ˇ
ˇ
ˇ
0ˇ
dr ˇ
jr0 j<R
ˇ
jr"r0 j<!

jr0 j<R
jr"r0 j>!

dr0 :

(6)

(7)

;
rDR

means that the self-consistent equation for a spot takes the form
h D .wC " w" /AC .!/ C w" "R2 :

(8)

Here, the area AC .!/ can be calculated in terms of the area of overlap of two circles,
one of center .0; 0/ and radius R, and the other of center r and radius ! subject to
the constraint jrj D R. Using the results from the Appendix we find
(9)

AC .!/ D A.R; #0 / C A.!; #1 /;
where A.r; #/ D r2 .# " sin #/=2 and
#0 D 2 cos"1

!

2R2 " ! 2
2R2

"

;

#1 D 2 cos"1

#! $
;
2R

R>

!
:
2

(10)

For example, for the special case that R D ! and h D 0, it is easy to show
AC .!/ D 2A.R; 2"=3/ D R2 .2"=3 "

p
3=2/:

(11)
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Fig. 2 Direct numerical simulations of a spreading pattern governed by the space-time model (1)
with a radially symmetric piece-wise constant Mexican hat kernel on a domain of size Œ"L; L$ #
Œ"L; L$. Parameter values: wC D 0:1, w! D "0:004, h D 0:1, !1 D 2, !2 D 10, L D 100. Here,
yellow and blue regions represent the excited (high activity) and quiescent states (low activity),
respectively

Using Eq. (8), we obtain the ratio
wC
"
p
;
D1"
w"
.2"=3 " 3=2/

(12)

which recovers the results in [14].
Another natural piece-wise constant choice for synaptic connectivity is the piecewise constant Mexican hat shape given by (3). Using a similar argument to the one
used for the piece-wise constant Top hat connectivity, we find the self consistent
equation for a localised spot
h D .wC " w" /AC .!1 / C w" AC .!2 /:

(13)

In Fig. 2, we show the results of direct numerical simulations at fixed times for a
neural field with a piece-wise constant Mexican hat kernel. These simulations show
the emergence of an exotic mazelike pattern with a four fold symmetry.
A plot of the theoretical spot radius as a function of the firing threshold is shown
in Fig. 3. Here we see two branches of solutions, so that a wide and narrow spot
can co-exist. Direct numerical simulations show, for the chosen parameters, that the
wider one is stable. Moreover, the wide spot appears to be stable to deformations
that change the radius according to R ! R C % cos m&, where & 2 Œ0; 2"/,
m 2 N and j%j % 1. In this setting, the simulations in Fig. 2 suggest that the
spot is unstable to an azimuthal instability with m D 4. We shall investigate this
robustness to azimuthal instabilities in more detail in the next sub-section. Note that,
similar exotic patterns with a smooth Mexican hat connectivity have been found and
discussed in [6, 8, 18].
The numerical evolution of (1) was performed using two-dimensional fast
Fourier transforms to compute convolutions, discretising space into 29 points on a
periodic domain, and evolving the resultant set of ordinary differential equations
using MATLAB 2015a with a standard non-stiff ode45 solver. For a further
discussion see [8, 19].
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Fig. 3 Bifurcation diagrams for radius R as a function of the threshold h. (a) Piece-wise constant
Top hat kernel, with the right panel showing the spectrum for h D 0:1. Parameters are wC D 0:08,
w! D "0:002, ! D 4 with constraint 2R > ! . (b) Piece-wise constant Mexican hat kernel, with
the right panel showing the spectrum for h D 0:1. Parameters are wC D 0:1, w! D "0:004,
!1 D 2, !2 D 10 with constraint 2R > !2 > !1

2.2 Stability
To determine the linear stability of a spot we follow [5, 6, 8, 18] and write u.r; t/ D
U.r/ C e't cos.m#/ıu.r/ where 0 < ıu % 1 and m 2 N. Expanding (1) to first
order gives
.' C 1/ıu.r/ D

Z

0

2"

d# cos.m#/

Z

1
0

r0 dr0 w.jr " r0 j/H 0 .U.r0 / " h/ıu.r0 /; (14)
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p
where we write jr " r0 j D r2 C r02 " 2rr0 cos.# " # 0 / with r D .r; #/ and r0 D
.r0 ; # 0 /. Since H 0 occurs under an integral, we can formally write
H 0 .U.r/ " h/ D

ı.r " R/
;
jU 0 .R/j

(15)

to yield
R
.' C 1/ıu.r/ " ıu.R/ 0
jU .R/j

Z

2"

0

ˇ
d# cos.m#/ w.jr " r0 j/ˇr0 DR D 0:

(16)

By setting r D R and demanding non-trivial solutions we obtain an equation for the
eigenvalues ' in the form Em .'/ D 0, m 2 N, where
R
Em .'/ D ' C 1 " 0
jU .R/j

Z

2"
0

ˇ
d# cos.m#/ w.jr " r0 j/ˇr0 DrDR :

(17)

A localised spot solution will be stable if 'm < 0 for all m 2 N, where 'm is a zero
of Em .'/. Note that E1 .0/ D 0 is always true since a radially symmetric solution
q.r; #/ D U.r/ is invariant under the transformation # ! # C #0 , #0 2 Œ0; 2"/.
Once more we emphasise that the nature of constant piece-wise kernels substantially
simplifies the mathematical expressions presented above. For example for the piecewise Top hat function given by (2) it is simple to show that
U 0 .R/ D

!.w" " wC / p 2
4R " ! 2 ;
R

(18)

and
Z

2"
0

#w " w $
ˇ
C
"
sin m# $ ;
d# cos.m#/ w.jr " r0 j/ˇr0 DrDR D 2
m

(19)

p
where # $ is the smaller of the two roots of the equation R 2.1 " cos #/ D ! for
# 2 Œ0; 2"/. In Fig. 3, plots of the radius R as a function of the threshold parameter
h, and the spectra of selected profiles are shown for the piece-wise constant Top
hat (Fig. 3a) and Mexican hat (Fig. 3b) kernels. Our linear stability analysis of the
stationary circular solutions for the piece-wise constant Top hat kernel shows that
lower (dashed) branch of solutions is unstable to uniform changes (expansion or
contraction) of size (m D 0) and the upper (solid) branch is stable. Here, from
Eqs. (17)–(19), it is straightforward to show that piece-wise constant Top hat kernels
do not support azimuthal instabilities of spots with modes m & 2. However, the
piece-wise constant Mexican hat kernel readily supports azimuthal instabilities of
various modes .m & 2/. These results are consistent with those previously found by
several authors for smooth Mexican hat kernels, as in [5, 10, 11, 18].
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For further details on pattern formation in planar neural fields with smooth
kernels and a Heaviside firing rate see [5, 8, 18].

3 Discussion
In this article we have shown that the analysis of the Amari model simplifies even
further for the choice of piece-wise constant synaptic kernels. These kernels allow
the analysis of localised states in the form of spots and their azimuthal instabilities
that can lead to spreading labyrinthine structures.
There are several possible extensions of the work presented in this article.
Perhaps the most obvious extension is to expand the analysis to tackle bounded
domains with imposed boundary conditions. Since the pioneering work of Amari
[1], neural field models have usually been considered to describe the behaviour of
tissue in infinite domains, and solutions on bounded domains have drawn very little
attention. Focusing on the Dirichlet boundary conditions, the key mathematical idea
to treat this has recently been formulated and discussed in [13].
Another extension would be to consider doubly periodic solutions with u.r C
l1;2 ; t/ D u.r; t/, for linearly independent vectors l1;2 2 R2 . From Eq. (4) the doubly
periodic stationary solution is given by
U.r/ D

X “

m;n2Z

jr0 Cml1 Cnl2 j<R

%
&
w jr " r0 j dr0 ;

(20)

subject to the constraint U.R/ D h. In Fig. 4, numerical solutions of the full neural
field model show the evolution of patterns starting from doubly periodic solutions.
For example in Fig. 4a, we observe destabilisation of a hexagonal tiling into an
overlapping concentric circular-like pattern. In Fig. 4b the pattern destabilises to
large spots that are compressed and trapped by surrounding small spots. We see a
regularly deforming pattern which looks like a chequered flag in Fig. 4c, and lastly
the initial conditions destabilise to a star-like pattern in Fig. 4d.
A further analysis of doubly periodic solutions will be presented elsewhere,
including the use of numerical continuation methods to determine solutions and
their stabilities by considering the ideas in [19].

Appendix: Circular Geometry for a Top Hat Kernel
Consider a portion of a disk whose upper boundary is an (circular) arc and whose
lower boundary is a chord making a central angle #0 < ", illustrated as the shaded
region in Fig. 5a. The area A D A.r0 ; #0 / of the (shaded) segment is then simply
given by the area of the circular sector (the entire wedge-shaped portion) minus the
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Fig. 4 Various space time simulations for a piece-wise constant Mexican hat kernel. Panels (a) and
(b) are simulated with a sigmoidal firing rate function of the form F.u/ D 1=.1Ce!(.u!h/ /. Panels
(c) and (d) are simulated with a Heaviside firing rate. Parameters are (a) wC D 0:1, w! D "0:004,
( D 6, !1 D 2, !2 D 10, h D 0:12, L D 150, (b) wC D 0:1, w! D "0:004, ( D 10, !1 D 2,
!2 D 10, h D 0:23, L D 80, (c) wC D 0:1, w! D "0:004, !1 D 2, !2 D 10, h D 0:14, L D 80,
(d) wC D 0:1, w! D "0:004, !1 D 2, !2 D 10, h D 0:283, L D 100

area of an isosceles triangle, namely
A.r0 ; #0 / D

1 2
r .#0 " sin #0 / :
2 0

(21)

The area of the overlap of two circles, as illustrated in Fig. 5b, can be constructed
as the total area of A.r0 ; #0 / C A.r1 ; #1 /. To determine the angles #0;1 in terms of the
centers, .x0 ; y0 / and .x1 ; y1 /, and radii, r0 and r1 , of the two circles we use the cosine
formula that relates the lengths of the three sides of a triangle formed by joining the
centers of the circles to a point of intersection. We denote distance between the two
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Fig. 5 The area of the total shaded segment is r02 .#0 " sin #0 /=2 (a). Overlap of two circles shows
the area of active region (b)

centers by d where d2 D .x0 " x1 /2 C .y0 " y1 /2 so that
r12 D r02 C d2 " 2r0 d cos.#0 =2/;

r02 D r12 C d2 " 2r1 d cos.#1 =2/:

(22)

Hence the angles are given by
"1

#0 D 2 cos

!

r02 C d2 " r12
2r0 d

"

;

"1

#1 D 2 cos

!

r12 C d2 " r02
2r1 d

"

:

(23)
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